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2 C.P. Dullemond: A semi{analytical model of disk evaporation by thermal conduction
mensionless form containing two dimensionless constants.
The resulting dimensionless equation is then solved and a
simple relation between the two dimensionless constants
is obtained by requiring a self{consistency condition to be
fullled. Finally, by transforming the dimensionless solu-
tions back to the real problem of disk evaporation, several
important consequences are derived.
2. Description of the model
In order to explore the basic physics of evaporation by
thermal conduction, we study the simplest possible sit-
uation: a hot plasma ow on top of an accretion disk,
with vertical thermal conduction, viscous heating, advec-
tive cooling and radiative cooling. This simplied concep-
tion of the problem should suÆce for the goal of this paper.
In principle one could think of this problem as the prob-
lem of an ordinary ADAF and an SSD co{existing at each
radius, and vertically glued together by a boundary layer.
Such a model is consistent as long as the boundary layer is
thin and the evaporation is not too strong (Dullemond &
Turolla 1998). Under these circumstances one can model
the ADAF locally as a self{similar ADAF (Narayan & Yi
1994). It is expected that the qualitative conclusions of
the present model also remain valid somewhat beyond the
breakdown of self{similarity.
In the boundary layer the temperature drops steeply
from the ADAF temperature down to the chromospheric
disk temperature. The vertical scale associated with this
gradient is extremely small, much smaller than the disk
thickness. This justies the use of a 1-D method for at
least the lower parts of the boundary layer. The base of
the boundary layer lies above the chromosphere of the
disk, so that an optically thin treatment of the boundary
layer is suÆcient. The temperature gradient constitutes a
heat ux pointing downwards towards the surface of the
disk. At relatively high altitudes the ADAF produces an
excess of energy which is transported downwards by the
heat ux. In the lower parts of the boundary layer both
radiative cooling and the upward gas motion absorb the
ux. The upward gas motion, acts as a kind of vertical
advective cooling (MMH). It is precisely large enough to
cancel the downward ux, guaranteeing the ux at the
base to be zero. This condition of zero ux at the base
determines the evaporation rate.
As the matter moves upwards from the disk surface,
it has the tendency to shift towards larger radii. This is
because, as the temperature increases, the pressure sup-
port against gravity increases. A new gravitational force
balance can only be reached by moving radially outwards
a bit. But this phenomenon has no signicant eect on
the energy balance of the boundary layer, and we will ig-
nore it. Also we will ignore the vertical friction (t
z
). We
do take into account the decrease of 
 as matter moves
upwards into the corona/ADAF.
The viscosity prescription is a delicate matter in
boundary layers of the type studied here. Friction is as-
sumed to arise from magneto-turbulence. The length scale
associated with this turbulence is usually chosen ad-hoc,
using the famous alpha-viscosity prescription: l = H.
For the disk height H one usually takes the rough esti-





, following from vertical pressure bal-
ance. However, the length scales of magneto turbulence






then one nds that this length scale exceeds
the boundary layer thickness, l  z , close to the lower
boundary. This is inconsistent. In order to avoid having to
discuss this highly uncertain issue, we rather ignore the ef-
fects of vertical friction. In principle the radial friction t
r
suers from the same disease, but its contribution to the
energy equation becomes small in the lower parts of the
boundary layer, so this eect can be ignored here as well.
3. The equations
As a lower boundary to the calculational domain I take
the height where the coronal temperature becomes equal
to the chromospheric temperature. The height coordinate
z is gauged to zero at this lower boundary, so that z = 0
represents the height above the chromosphere. As an up-





. 0:3R (R being the radius at
which the corona is studied), so that geometric eects of
the ow can safely be ignored. The corona extends well
above this upper boundary, by virtue of the fact that it
is assumed to be an advection dominated ow, for which
the thickness H is roughly equal to the radius R.
The model describes the temperature T , the density 
and the vertical velocity v as a function of z. I presume
that the system is quasi{stationary. The equations for T , 
and v are the compressible Navier{Stokes equations in the
coordinates R (radius), z (height) and  (azimuth), but in
this calculation I choose the corona to be axisymmetric,
and self{similar in the radial direction, thus reducing the
problem to a one{dimensional problem in the coordinate
z.
The continuity equation is (v)
0






The radial motion and geometrical terms are neglected. It
is assumed that the radial accretion predominantly takes
place at altitude z & z
up
, allowing us to regard the evap-
oration rate as a constant of motion in the domain of
interest. The integration constant 	 is the evaporation




. The factor 1=2 accounts for the






= 0, where c
s
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The ram pressure is neglected because the motion is as-
sumed to be very subsonic. And as in the continuity equa-
tion, the geometric terms are neglected here as well.
The energy equation consists of ve terms: viscous
heating Q
+





, electro{conductive heat ux J
c
and
vertical advective heat ux J
v
. Viscous dissipation due to
the vertical gradient of the rotational frequency, d
(z)=dz,
is neglected.


























By using Eq. (2) the Q
+

















, with ! < 1. For an ADAF, the radial force
balance equation, with omission of the radial kinetic term



















We take p / R
 5=2
















This can be substituted in Eq. (5), for use in the energy














where e = c
2
s
=( 1) is the thermal energy of the gas. The
radial gas velocity is something that has to be estimated
from the presumed radial structure of the corona. Take v
R












If one wants to take into account the outwards shift result-
ing from the requirement of pressure balance (discussed

























where v is again the vertical velocity. This extra velocity
adds a contribution to the Q
adv
, which is small enough not
to inuence the result signicantly. For the sake of clarity
it is ignored here, although it is easy to incorporate it. By





















Radiative cooling is denoted with the symbol Q
 
. Sev-
eral cooling mechanisms can can play a role, but the most
important cooling mechanism in the boundary layer is
Bremsstrahlung, Q
 





T . The tempera-
ture T is related to c
2
s





, where  is the
molecular weight, and m
p
is the proton mass. The mean
particle weights are  = 0:59, 
i
= 1:23 and 
e
= 1:14.







































where h is the enthalpy, and Eq. (1) has been used. The
kinetic energy term has been neglected. Finally the con-
ductive ux J
c


















The conductivity coeÆcient K
0











The Coulomb logarithm is roughly ln ' 20. The coef-
cient   1 is put in as a fudge factor to parameterize
the reduction in mean free path length as a result of pos-
sible collective plasma modes and connement by random
magnetic elds. The microphysics of plasmas in these con-
ditions is insuÆciently understood to allow an estimate of
 from rst principles, so we must retain it as the main
unknown parameter of the model.















This is the basic equation of this paper. The density  and
the velocity v have all been eliminated in favor of c
s
, and
the equation has reduced to a single second order diusion
equation.







and the value  is an integral of the model
over the entire vertical height H. But within the range of
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validity of this model, a good estimate is given by assum-
ing that the corona can be approximated as a homoge-


































this value is  ' 0:59.
4. Dimensionless form






















































This is the dimensionless form of the main equation of
this paper. From left to right one has the terms repre-
senting the divergence of the conductive ux, the vertical
advective cooling, the viscous heating, the radial advec-
tive cooling and nally the radiative cooling. The symbols


































Using Eq. (18) the constant C can be directly related to





























































The solution for the corona at high altitude (x  1)





tion is then simply a balance between viscous heating and





= 0 : (28)
This equation is of rank 5 and cannot be solved exactly,























15=125 this equation has two branches
of solutions. The upper branch represents the ADAF
branch y
adaf
, while the lower branch represents the SLE
branch y
sle
(SLE 1976). For most of the solutions dis-
cussed in this paper, the corona is found in the ADAF
state, y(1) = y
adaf





branches meet. This value C
crit
represents the critical ac-







































5. Solution without evaporation
As a simple illustration let's rst solve the equations with-












At the upper boundary x = x
up
the thermal conductive
ux should vanishes: J
c
/ dy=dx = 0. At the lower bound-
ary x = 0 the temperature should vanish, y = 0. The
latter condition is of course unphysical, since the temper-
ature should equal the chromospheric temperature rather
than zero. But since the chromospheric temperature is pre-
sumed to be very low compared to the coronal tempera-
ture, this approximation is very good (within 1%).
By taking the rst integral of Eq. (31), one nds the









































is the value of y(x ! 1), which is a solution
to Eq. (28). This equation can be integrated numerically
(using a relaxation scheme, for example), and the results
are plotted in Figs. 1 and 2. The result shows that at
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x = x
up
the corona is in the ADAF state (y = y
adaf
).
Closer to the base of the corona the temperature drops and
the conductive heat ux starts to grow. It has a maximum
when y(x) = y
sle
, at a certain x = x
sle
. For x > x
sle
there
is excess heating and ux is being produced. For x <
sle
there is excess cooling and the ux is being absorbed. At
x = 0 some ux remains unabsorbed. The value of dy=dx

























This non-zero ux at the base means that the corona is
pumping energy into the chromosphere. But the chromo-
spheric gas is not able to radiate it away quickly enough,
so it must heat up. This inevitably leads to evaporation
of the upper layers of the chromosphere. In order to make
a more consistent model, the vertical motion should be
taken into account from the start.
6. Model with evaporation
An upwards motion of the gas constitutes an additional
vertical advective cooling (MMH). By allowing the con-
stant D to be non-zero, this cooling takes eect. The value
of D (being a constant over the entire domain) is deter-









= 0 : (33)
This yields both a solution for y(x) and a value forD. The
evaporation rate is therefore found as an eigenvalue of the
system, similar to the case of interstellar cloud evaporation
studied by Cowie & McKee (1977) and McKee & Cowie
(1977). The solution for the ux dy=dx is plotted in Fig. 3.
One can identify three regions in order of decreasing x,
1. For x
eq
. x < x
up
the corona is nearly in local heat-
ing/cooling balance. It is a solution of Eq. (28).
2. For x
max
< x . x
eq
the heat ux rises from almost
zero to a maximum at x
max
, as a result of an excess
in local heat production.
3. For 0 < x < x
max
the heat ux decreases again to
zero as a result of both radiative cooling and evapo-
ration. For this region the solution is approximately




and the ux goes as
J
c
/  dy=dx / x
2=5
.
The value of D, following from these models, depends





. This functional dependence of D on C is
plotted in Fig. 4. The curve is closely tted (to within a
















Note that, although the t is very good, it is not exact.
This expression then gives the evaporation rate D as a
function of C. There are two branches. The upper branch









). For this upper branch the corona
(region 1) is in the ADAF mode. The lower branch only
has condensation, and the corona is in the SLE mode.
Since SLE ows are known to be thermally unstable, this
lower branch is not likely to represent any physical situ-





















The nal formula for the evaporation rate is then (using

































)  (10=3)D(C) is the saturation func-











There is a distinct value of C for which no evaporation

















. For a more di-
lute corona there will be evaporation, while for a denser
corona there will be condensation. It is therefore tempt-









. But there is a caveat
here, which will be discussed below.
Before concluding this section it is interesting to com-
pare the present model with the model of MMH. In the
model of MMH part of the evaporated material leaves the
system through a transsonic wind, while the other part ac-
cretes radially onto the central object. By making a plau-
sible assumption for the radial derivatives of the density
and velocity, the evaporation problem is reduced to a 1{D
vertical problem. The temperature in the wind is xed by
the conditions at the sonic point, while the pressure at the
base, and thereby the evaporation rate, is determined by
the balance between wind mass loss and conductive evap-
oration rate. In this way a well{determined expression for
the evaporation rate as a function of radius can be given.
In the present model, a transsonic wind is not con-
sidered, although it is not ruled out. The temperature at
high z is xed by the condition that viscous heating is
balanced by radial advective cooling and radiative cool-
ing. The evaporation rate is kept a function of the pres-
sure, which is related to the radial accretion rate in the
corona. Instead of making any assumption of the radial
derivative of density, we have derived a relation between
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the evaporation rate and the accretion rate in the corona.
In the next section we will relate these to the the conduc-
tive scale height and to a measure for the eectiveness of
evaporation.
7. EÆciency and conductive scale height









when the evaporation is eÆcient enough. The evaporation
rate has to compete with radial `mass loss', i.e. the ow
of coronal matter towards the central object. If a corona
cannot evaporate the disk eÆciently enough, the radial
coronal ow will deplete the corona, until a low enough
coronal density is reached for evaporation to compete with
radial inow.
To investigate this one should compare the evaporation

























The dimensionless number  gives the ratio between the
evaporation rate and the coronal depletion rate due to
radial accretion. One can also think of it as the ratio be-
tween the time scales of vertical motion and radial motion.
For  < 0:5 the evaporation rate is weak and for  > 0:5
it is strong. It should be kept in mind that for   0:5
there exist no self{similar ADAF coronae (Dullemond &
Turolla 1998), so that the evaporation models for  > 0:5
are not self{consistent with respect to angular{momentum













































































. In the last step  = 1:5.
Closely related to the evaporation eÆciency is the con-
ductive scale height z
c
. This is the height below which the
coronal energy content is signicantly drained by thermal
conduction. By using Eqs.(21, 30) one can nd the dimen-





















































is the conductive scale height in the di-
mensionless x-coordinate, introduced in section 6. As one
can infer from the gures, the ux is roughly 20% of its
maximum value at x ' 4, so take the constant x
c
= 4. For
  1 the thermal conduction only aects the lower layers
of the corona, while for  & 1 the conduction aects the
entire corona. In fact, if  & 1 one should expect radial









, the two dimensionless numbers  = 
and  are roughly equal. For  = 1:5 and x
c
' 4 one nds
 ' 1:9 (42)
One sees that when the evaporation eÆciency tends to
become strong ( & 0:5), the conductive scale height
tends to exceed the size of the system  & 1. This shows
that for strong evaporation the conduction will dominate
the entire corona from top to bottom, and radial ther-
mal conduction will be an important eect. So, it is to
be expected that for strong evaporation the problem be-
comes essentially 2-D. A similar conclusion has already
been drawn from angular momentum conservation con-
siderations (Abramowicz et al. 1997, Dullemond& Turolla
1998), but in that case a global radial 1-D solution with
locally computed evaporation could still not be convinc-
ingly excluded. The present conclusion is more dramatic,
since it is unlikely that a very non{linear phenomenon like
thermal conduction lends itself for dimensional splitting.









































most radii this means that  1 and therefore   1. So
one should conclude that coronal saturation is necessar-
ily accompanied by strong radial conduction. Under those
circumstances the present model breaks down, and fully
2-D models should be used instead.
8. Conclusion
The model presented in this paper described qualitatively
the mechanism of disk surface evaporation by thermal con-
duction. It applies to accretion disc systems around black
holes, neutron stars and white dwarfs. Although the model
cannot be applied to the case of evaporation very close to
a black hole (because of the relativistic velocities of the
electrons, and the 2-temperature nature of the plasma)
the qualitative picture sketched by this model is applica-
ble to that case as well.
In order for a disk to evaporate completely, the evapo-
ration should be eÆcient. In a relatively short interval in
radius, the complete disk should vanish, and the advec-
tion dominated corona should be produced. The corona
provides the energy for achieving this, and therefore the
corona itself determines how strong the evaporation will
be. In an equilibrium situation the evaporation rate should
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balance the rate of radial inow of coronal material. If
most of the evaporation takes place in a relatively small
range in radius, this means that the vertical velocity of
the evaporating gas is in the order of the radial accretion
velocity of the corona. The model described in this pa-
per shows that in order to achieve this strong evaporation
rate, the conductive scale height should be equal or larger
than the radius. Consequently, radial thermal conduction
will enter the problem. The heat required for evaporation
does not come from the upper layers of the corona any-
more, but is instead produced closer to the central object
and radially transported to the evaporation region. There
the ux will be directed down towards the disk surface
and evaporate the disk.
In order to model this complete disk evaporation with
radial conduction, one should take the radial dimension
of the problem into account. One could think of using the
usual dimensional splitting procedure to solve the evapo-
ration vertically (using a local 'heating' term to account
for the divergence in radial heat ux), and the coronal
dynamics and radial thermal conduction radially. Unfor-
tunately this is procedure is highly questionable because
of the very non-linear nature of the formula for conductive
heat ux. It seems therefore that one should conclude that
disk evaporation by thermal conduction is an essentially
2-D process.
These conclusions do not depend on the micro physical
assumptions for evaporation, like the value of the conduc-
tivity suppression factor . The conclusions here can be
traced back to energy budget considerations.
If electron thermal conduction is indeed responsible for
the evaporation of a Shakura{Sunyaev disk, then there are
also important consequences for the spectral modeling of
ADAFs. If Comptonized soft-photons from the SSD con-
stitute an important part of the spectrum, then this part
emerges from the ADAF region that is strongly aected
by radial thermal conduction. It is therefore question-
able whether a consistent 2-phase (SSD+ADAF) spectral
model can be built without 2-D radiative{hydrodynamic
simulations.
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Fig. 1. The temperature structure in dimensionless variables. Note that y
2=7
is proportional to the temperature. Both
axes are logarithmic to clarify the structure. This solution is for D = 0 and C = 0:15.
Fig. 2. The dimensionless conductive heat ux, plotted linearly. The solution is the same as for gure 1, for D = 0
and C = 0:15.
Fig. 3. The dimensionless conductive heat ux, plotted linearly. By requesting the ux at the base to vanish one nds
D = 0:2055 for C = 0:15.
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Fig. 4. The relation between the dimensionless evaporation rate D and the coronal accretion rate in the form of C.
